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Abstract
The one-particle contribution to the dynamical structure factor is explored for the simple case of the transverse Ising
model, using series expansion methods. The critical behaviour of the spectral weight is found to conform with the
general predictions of Sachdev. For the linear chain, exact results are obtained, and confirmed by correspondence with
exactly known results for the correlation functions of the quantum XY model in one dimension. In higher dimensions,
series are calculated for the triangular, square and simple cubic lattices, and numerical estimates for the critical
exponents are found to agree with expectations, within errors.

Introduction
Quantum phase transitions in strongly correlated condensed matter systems are currently a topic of great interest
(Sachdev 1999). Just as for classical phase transitions, physics in the neighbourhood of such critical points can be
described in terms of general scaling theories, independently of the details of any particular microscopic model. Here
we discuss the critical behaviour of one particular quantity, the one-particle contribution to the dynamical structure
factor, for the case of the Ising model in a transverse field. This is a very simple model, often used as a paradigm for
quantum spin models in general.

The dynamical structure factor
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is a fundamental observable for a quantum magnet, being proportional to the inelastic neutron scattering, for example.
At low energies, the structure factor is often dominated by a single quasiparticle excitation, which can provide crucial
information about the dynamics of the system.

Integrating (1) over energy, we obtain the integrated or static structure factor,
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which is just the Fourier transform of the spin-spin correlation function.

At low temperatures the major contribution to ( , )Sab wk  will often come from low energy quasiparticle excitations.
The one-particle contribution has the form

1p 0 1p( , ) ( ( )) ( )S E E Sab abw d w= + -k k k              (3)

where E0, E(k) are the ground-state and one-particle energies, respectively, and the `spectral weight' 1p ( )Sab k  is given

by
*
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Sachdev (1999) has developed a scaling theory for the spectral weight of a single quasiparticle in the vicinity of a
quantum phase transition. Assuming a relativistic form for the quasiparticle pole in the dynamic susceptibility leads to
a form for the spectral weight
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where A(k) is the quasiparticle “ residue function” . Then scaling and renormalization group arguments are used to
show that at a critical coupling gc and momentum k = 0 the quasiparticle residue will vanish as
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( ) ( )cA g g hn-k �                     (7)
while the energy gap vanishes like

( ) ( )cE g g n-k �                (8)

as usual. In this paper, we use series expansion techniques to show that the one-particle spectral weight in the
transverse Ising model conforms very well with those general predictions. Many of the results were announced
previously in an earlier, short communication (Hamer et al. 2006a).

Method
In the disordered phase, the Hamiltonian for the model can be written as

(1 )z x x
i i j

i ij

H s l s s= - -� �        (9)

where the 2i iSa as =  are Pauli operators and the second sum is over nearest neighbour pairs. This model has a

quantum phase transition at l  =1 in one dimension, and at some specific l c for each higher-dimensional lattice.

Our approach is to derive series expansions in l  for various one-particle spectral weights in the `disordered' phase l  <
l c, using the linked-cluster techniques reviewed by Oitmaa et al. (2006) and to analyse the series by standard methods
to obtain the critical behaviour. We also derive series for the one-particle dispersion in both ordered and disordered
phases.

The Linear Chain
The transverse Ising chain model is exactly solvable, and expressions for the energy spectrum, magnetization, etc.
have been given by Pfeuty (1970). We have computed series for the one-particle matrix elements 1p( )bW k for this

model up to order l
22

. It quickly became apparent that the series for general k could be represented  exactly, up to the
order calculated, by the closed form expressions:

2 1/8
1p( ) (1 ) ( ( ) 1) / 2 ( )k k kl±W = ± - L ± L             (10)

where ( )L k  is just half  the one-particle energy
2 1/ 2( ) ( ) / 2 [1 2 cos( )]k E k kl lL = = + -           (11)

These formulae give a very clear demonstration of the critical behaviour expected theoretically. The quasiparticle
residue functions for S- + , S+-  are respectively

2 1/ 4 2( ) (1 ) [ ( ) 1]A k kl= ± - L ±                     (12)

which vanish at the critical point l  = 1 with exponent 1/4 = hn, as expected for the transverse Ising chain where  h  =
1/4, n  = 1. At the critical momentum k = 0, the energy gap is 2(1-l ), and vanishes as l  ®  1 (Pfeuty1970). Note that
the residue function vanishes at l  = 1 for all k, not just k = 0. It is not clear whether this feature will generalize to other
models.

From equations (10), one can also show
2 1/ 4

1p ( ) (1 ) / 4 ( )xxS k kl= - L                  (13)
2 1/ 4

1p ( ) (1 ) ( ) / 4yyS k kl= - L                 (14)

Note that whereas 1p ( )xxS k  diverges as { l  ®  1, k=0} , 1p ( )yyS k  does not. It appears that 1p ( )yyS k  decouples from the

one-particle state at the critical point.

By Fourier transforming, we obtain the one-particle contributions to the 2-point correlation functions. Exact
expressions for these have previously been calculated by Vaidya and Tracy (1978), and their results correspond
precisely to equations (13) and (14) (Hamer et al, 2006b). This proves that these expressions are indeed exact to all
orders.



Australian Institute of Physics 17th National Congress 2006 –  Br isbane, 3-8 December  2006
RiverPhys

Paper No. WC0082

The Tr iangular  Lattice
The transverse Ising model in (2+1) dimensions lies in the universality class of the 3D classical Ising model, and so its
critical exponents are expected to be h =0.0364(5) , n =0.6301(4), from various estimates (Pelissetto and Vicari 2002).
The critical point for the transverse Ising model on the triangular lattice has been estimated from series expansions as
l c = 0.20972(7) by Hamer and Guttmann (1989) and l c = 0.20972(2) by He et al. (1990). We have computed series in
the disordered phase for the 1-particle structure factors 1p ( )xxS k  and 1p ( )yyS k  and the quasiparticle energy ( )E k  to

order l
12

. The calculation involved a list of 4,140,438 clusters, consisting of up to 13 sites. We also computed a series
in the ordered phase for the one-particle dispersion ( )E k  to order 16, this calculation involving a list of 8469 clusters,
consisting of up to 9 sites. The full series is available upon request.

Fig. 1. One-particle excitation energies ( )E k  along high-symmetry cuts through the Brillouin
zone for the system with coupling l =0.15, 0.20972, 0.25  for the triangular lattice.

The dispersion along high-symmetry cuts through the Brillouin zone for the system with couplings l =0.15, 0.20972,
0.25 is shown in Figure 1. At the critical point l c=0.20972, the results obtained from both ordered and disordered
expansions are the same, indicating a second order transition.  For a first-order transition, the dispersions obtained at
the `critical point' from the two different expansions would be expected to differ, and so this is a good way to
distinguish between second-order and weakly first-order transitions.

         
Fig. 2. 1p ( )xxS k  and 1p ( )yyS k  along high-symmetry cuts through the Brillouin zone for the system

with coupling l =0.05, 0.1, 0.15, 0.2, 0.2097 for the triangular lattice.
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The results of a standard Dlog Pad  analysis of the series for 1p ( )xxS k  and 1p ( )yyS k  are as follows. At k = (0,0), where

the energy gap vanishes at the critical point, we estimate l c=0.2097(2) and for the critical index - 0.605(4), compared
to the expected value n(h-1)= - 0.607.  For 1p ( )yyS k , the estimate for the critical point is l c = 0.210(1) with critical

index 0.67, very close to the value n(h+1) = 0.65. Just as in one dimension, 1p ( )yyS k  appears to decouple from the

single-particle state at the critical point, and vary proportionally to two extra powers of the energy gap.  At k =
(4p/3,0) and (p, p/Ö3), where the energy gap remains finite, the corresponding estimates are l c  = 0.21 with index
+0.02, versus the expected index hn = +0.0229. Thus the critical indices agree with the expected values, within errors,
at least for the dominant spectral weight 1p ( )xxS k .

Estimates for 1p ( )xxS k  and 1p ( )yyS k  along high-symmetry cuts through the Brillouin zone for the system with couplings

l  = 0.05, 0.1, 0.15, 0.2 and 0.2097 are given in Figure 2, where for l  = 0.2 and 0.2097, we have biased the critical
point l c=0.20972 with critical index nh = +0.0229. We can see from these figures, that even for l  = 0.2097 which is
very close to the critical point l c = 0.20972, 1p

xxS  and 1p
yyS  are still far from zero, reflecting the tiny value of the critical

index in this case.
Similar analyses have been carried out for the square and simple cubic lattices (Hamer et al, 2006a,b).

Discussion
In higher dimensions, our study was purely numerical. We have calculated series for the spectral weights on the
triangular, square, and simple cubic lattices. We have then employed standard Dlog Padé techniques to estimate their
critical exponents at the phase transition. In each case, the dominant component 1p

xxS  diverges at k = 0 with the

exponent n (h - 1), as predicted by Sachdev (1999). The component 1p
yyS , however, decouples from the one-particle

state at the transition point, and vanishes at k = 0 with exponent n (h + 1), in all dimensions, proportional to an extra
factor of the square of the one-particle energy gap. Away from k = 0, both spectral weights vanish with exponent hn,
as expected. It would be very interesting to compare the predicted spectral weights with experiments on some real
materials belonging to the transverse Ising class.
We also find at the critical point, that the 1-particle dispersions obtained from both ordered and disordered expansions
are the same, indicating a second order transition. We believe that this is a good way to distinguish between second-
order and weakly first-order transitions.
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