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Abstract
The ability to grow microscopic spherical birefringent crystals of vaterite,a calcium carbonate mineral, has allowed
the development of an optical microrheometer based on optical tweezers.

However, since these crystals are birefringent, and worse, are expected to have non-uniform birefringence, compu-
tational modeling of the microrheometer is a highly challenging task. Modeling the microrheometer - and optical
tweezers in general - typically requires large numbers of repeated calculations for the same trapped particle. This
places strong demands on the ef�ciency of computational methods used. While our usual method of choice for com-
putational modelling of optical tweezers - the T-matrix method - meets this requirement of ef�ciency, it is restricted
to homogeneous isotropic particles. General methods that can model complexstructures such as the vaterite particles,
such as �nite-difference time-domain (FDTD) or �nite-difference frequency-domain (FDFD) methods, are inef�cient.

Therefore, we have developed a hybrid FDFD/T-matrix method that combines the generality of volume-discretisation
methods such as FDFD with the ef�ciency of the T-matrix method. We have usedthis hybrid method to calculate opti-
cal forces and torques on model vaterite spheres in optical traps. We present and compare the results of computational
modelling and experimental measurements.

Introduction
A strongly focused laser beam can be used to trap and rotate microparticles. If the beam is circularly polarised,
it will carry spin angular momentum, which can be used to rotate birefringent particles via the transfer of angular
momentum. The birefringent particle works as a waveplate that changes the polarisation of the beam. For example
if the particle changes the polarisation of the beam from right to left handedcircular, the angular momentum of
the beam changes from� ~ to + ~ per photon and in doing so transfers 2~ per photon of angular momentum to the
particle. However, the example given is also the maximum torque ef�ciency than can be achieved using spin angular
momentum. The vaterite (CaCO3) sphere (�gure 1a) is a birefringent particle that can be reliably grown in the
laboratory. Our laser micromanipulation group has successfully grown vaterite spheres and apply them to measure the
viscosity of a surrounding medium by optical measurement of the torque on the particle and the rotation rate [Bishop
et al. 2004]. The torque ef�ciency is inferred by the change in polarisation ofthe beam. In this paper, we demonstrate
how we extend the T-matrix method [Waterman 1965, Nieminenet al. 2003] by hybridizing with the FDFD method
and compare our torque calculations for optically driven vaterite sphereswith experimental measurements.

Vaterite sphere

a) b) c)

a

FIG 1: a) Vaterite sphere. b) Split vaterite sphere showing bulk structure. c) Proposed hyperbolic birefringence
distribution for the bulk structure of a vaterite sphere. Variablea is inversely related to the hyperbolicity

The vaterite unit crystal is positive uniaxial [Johnston1916, Kamhi1963]. However, spherical vaterite microcrystals

Paper No. WC0399 1



Australian Institute of Physics 17th National Congress 2006 – Brisbane, 3-8 December 2006
RiverPhys

are unlikely to be spheres of uniform crystal; for example, the electron micrograph in �gure 1b suggests that they are
polycrystalline and therefore inhomogeneous. We model the vaterite sphere by assuming that the local direction of the
optic axis is given by an isocoordinate surface in a hyperbolic cylindricalcoordinate system [Moon & Spencer 1971],
as pictured in �gure 1c. The parametera describes the details of the system. This structure is rotationally symmetric.

Rotational Symmetry
By assuming that the vaterite particle is rotationally symmetric, we reduce the model toa 2D problem and thereby
saving computational time and memory by orders of magnitude. The particle has rotational symmetry about the
polar angle� as shown in �gure 2a, and we used a cylindrical coordinate system because the 2D vertical cross-section
resembles a Cartesian coordinate system. The rectangular cross-sectionis particularly suitable for discretization using
a FDFD grid (�gure 2b). The grid is made up of squares and rectangles called Yee cells [Yee 1966], and each cell can
have its own physical properties (permitivitty, permeability or conductivity).
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FIG 2: a) Cylindrical coordinate system. b) Computational area.

FDFD Equations
Finite difference frequency domain (FDFD) equations differ from the �nite difference time domain (FDTD) [Yee
1966] by assuming a monochromatic �eld. Because of this, the time derivativeof the �elds can be simpli�ed, as in
equation (2).

The rotationally symmetric FDFD equations were derived by writing the Maxwellcurl equations in cylindrical coor-
dinates [Jackson 1998], giving
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It is suf�cient, as will be seen below, to consider a �eld with azimuthal variation exp(im� ); the variation of the
�eld with respect to� would be@~A=@� = i m ~A. Substituting the time evolution and� harmonic equations into the
Maxwell equations we obtain 6 curl equations and 2 divergence equations for the electric and magnetic �elds. As an
example, the curl equation for~Er is

i!� r ~Er =
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r
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Using the Yee cell in �gure 2b for discretization, the FDFD curl equation for ~Er can be written as
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The other equations can be discretized similarly.
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FDFD hybridization
In our model, we would have a dielectric region within the computational grid thatwould interact with the incoming
and outgoing �elds. So, in coupling the electric �eld~E(r ) from the FDFD solutions with the VSWFs for the TE
incident modes we obtain

~M (2)
n0m0(r ) +

1X

n=1

pnm ~M (1)
nm (r ) + qnm ~N (1)

nm (r ) = ~E(r ); (4)

wheren0m0 is the incident mode. Similarly for the TM modes,

~N (2)
n0m0(r ) +

1X

n=1

pnm ~N (1)
nm (r ) + qnm ~M (1)

nm (r ) = ~E(r ): (5)

Due to the rotational symmetry, there is no coupling to other azimuthal modes (i.e. only one value ofm0 appears).
Therefore, all �elds share an azimuthal dependence ofexp(im� ).
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FIG 3: Coef�cient matrix, unknowns and constants.

The �eld are zero at thez-axis except for the modesm = � 1, in which case the �rst derivatives of the �elds are zero.
The equations are assembled as per �gure 3, and cycling through all incident modes, the solutions for the scattering
coef�cientspnm andqnm are solved given one incident mode at a time and their values are inserted intothe T-matrix
column.

Results
The smaller the FDFD grid size, the smaller the error in the calculation. However, smaller grid sizes would mean
larger memory requirements and longer computational time. Thus, a compromise isrequired whereby we allowed
an error of up to 1% in force and torque calculations. The corresponding grid size required was1=20 of the incident
beam wavelength. Figure 4a indirectly shows the relationship between error and grid size. The value of the torque
converges to the true value as the grid size gets smaller. The error in torqueis mainly due to a spurious loss of power,
due to erroneously high off-diagonal elements in the T-matrix. This becomesmore evident with larger grid sizes; the
error is approximately quartic with respect to the grid spacing.
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FIG 4: a) As the grid size gets smaller, the calculated torque converges to thetrue torque value. b) Natural
logarithmic plot used to extrapolate calculation time for a particle with a radius of3 � m.

Paper No. WC0399 3



Australian Institute of Physics 17th National Congress 2006 – Brisbane, 3-8 December 2006
RiverPhys

The time required to calculate the T-matrix for a particle increases rapidly with its size. There will be a maximum
size for which we can practically calculate the T-matrix. From a log–log plot ofsize versus time (�gure 4b) we
extrapolated that 3.1 days would be required to calculate the T-matrix for particle of 3 � m radius on a process-shared
3 GHz Pentium PC with 1.0 Gb of RAM. Fortunately, this is acceptable because we need to calculate the T-matrix
only once for a given particle; it is reusable for all incident �elds for theintended wavelength.

Given the scattering coef�cients,pnm andqnm , obtained either from solving the linear equations as in �gure 3 or
extracted from a previously calculated T-matrix, the torque ef�ciency canbe calculated [Nieminenet al. 2004] in less
than a second. The torque was calculated for vaterite particles with radii ranging from 400 nm to 2240 nm. Preliminary
results were obtained using a 80 nm grid size and were plotted against the experimentally measured results (�gure 5).
Ideally, we would perform the same calculations with a grid size of 40 nm or smaller and will do so on a dedicated
dual-core 64-bit processor with a minimum of 4 Gb RAM. An interesting feature of the plot (�gure 5) is the periodic
undulation which is due to interference of re�ections from the front and back surfaces of the vaterite sphere.
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FIG 5: The calculated torques for particles of given radii in comparison with experimentally measured torques

Conclusion
A hybrid FDFD/T-matrix method for computational modeling of light and electromagnetic scattering for rotationally
symmetric anisotropic inhomogeneous particles proved to be feasible for the modeling of the optical torque applied to
vaterite microspheres in optical traps. The rotational symmetry allowed a 2D algorithm to be used, reducing memory
requirements and calculation time by orders of magnitude. Computational resultswere consistent with experimental
measurements. This method may also be useful for computational modeling of other anistropic particles, such as
rutile spheres or spheroids, or other similar particles.
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