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Abstract
The ability to grow microscopic spherical birefringent crystals of vateatealcium carbonate mineral, has allowed
the development of an optical microrheometer based on optical tweezers.

However, since these crystals are birefringent, and worse, aretegp® have non-uniform birefringence, compu-
tational modeling of the microrheometer is a highly challenging task. Modeling theorheometer - and optical
tweezers in general - typically requires large numbers of repeatedatidns for the same trapped particle. This
places strong demands on the ef ciency of computational methods useitk ®h usual method of choice for com-
putational modelling of optical tweezers - the T-matrix method - meets this requiteyhef ciency, it is restricted

to homogeneous isotropic particles. General methods that can model catipldres such as the vaterite particles,
such as nite-difference time-domain (FDTD) or nite-difference freecy-domain (FDFD) methods, are inef cient.

Therefore, we have developed a hybrid FDFD/T-matrix method that combieegenerality of volume-discretisation
methods such as FDFD with the ef ciency of the T-matrix method. We havethsetybrid method to calculate opti-
cal forces and torques on model vaterite spheres in optical traps.asferjirand compare the results of computational
modelling and experimental measurements.

Introduction

A strongly focused laser beam can be used to trap and rotate micropartitkbe beam is circularly polarised,
it will carry spin angular momentum, which can be used to rotate birefringanicfes via the transfer of angular
momentum. The birefringent particle works as a waveplate that changesl#resation of the beam. For example
if the particle changes the polarisation of the beam from right to left hacdedlar, the angular momentum of
the beam changes from~ to + ~ per photon and in doing so transfers ger photon of angular momentum to the
particle. However, the example given is also the maximum torque ef ciencydha be achieved using spin angular
momentum. The vaterite (CaCO3) sphere (gure 1a) is a birefringent pattiat can be reliably grown in the
laboratory. Our laser micromanipulation group has successfully groteniteaspheres and apply them to measure the
viscosity of a surrounding medium by optical measurement of the torquesquatticle and the rotation rate [Bishop
et al. 2004]. The torque ef ciency is inferred by the change in polarisatiothefoeam. In this paper, we demonstrate
how we extend the T-matrix method [Waterman 1965, Niemigtead. 2003] by hybridizing with the FDFD method
and compare our torque calculations for optically driven vaterite sphétieexperimental measurements.
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FIG 1: a) Vaterite sphere. b) Split vaterite sphere showing bulk struatyiroposed hyperbolic birefringence
distribution for the bulk structure of a vaterite sphere. Variabieinversely related to the hyperbolicity

The vaterite unit crystal is positive uniaxial [Johnston1916, Kamhil9B®wever, spherical vaterite microcrystals
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are unlikely to be spheres of uniform crystal; for example, the electrorogriaph in gure 1b suggests that they are
polycrystalline and therefore inhomogeneous. We model the vateritessiphhassuming that the local direction of the
optic axis is given by an isocoordinate surface in a hyperbolic cylindcimatdinate system [Moon & Spencer 1971],
as pictured in gure 1c. The paramet@describes the details of the system. This structure is rotationally symmetric.

Rotational Symmetry

By assuming that the vaterite particle is rotationally symmetric, we reduce the moal@Doroblem and thereby
saving computational time and memory by orders of magnitude. The particleota®mal symmetry about the
polar angle as shown in gure 2a, and we used a cylindrical coordinate systenubedhe 2D vertical cross-section
resembles a Cartesian coordinate system. The rectangular cross-sguéidgitularly suitable for discretization using
a FDFD grid ( gure 2b). The grid is made up of squares and rectanglésdcYee cells [Yee 1966], and each cell can
have its own physical properties (permitivitty, permeability or conductivity).
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FIG 2: a) Cylindrical coordinate system. b) Computational area.

FDFD Equations

Finite difference frequency domain (FDFD) equations differ from thiée rdifference time domain (FDTD) [Yee
1966] by assuming a monochromatic eld. Because of this, the time derivatitree elds can be simpli ed, as in
equation (2).

The rotationally symmetric FDFD equations were derived by writing the Maxeuellequations in cylindrical coor-
dinates [Jackson 1998], giving
! ! 0 1
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It is suf cient, as will be seen below, to consider a eld with azimuthal variatexp(im ); the variation of the
eld with respectto would be@=@ = i mA. Substituting the time evolution andharmonic equations into the
Maxwell equations we obtain 6 curl equations and 2 divergence eqadtiothe electric and magnetic elds. As an
example, the curl equation f&; is

. im
it E = ITHZ

Using the Yee cell in gure 2b for discretization, the FDFD curl equationHp can be written as

im

il = _
[l rEr(nr+%;nZ) (N, + %) r|;Tz(nr+%;nz) 7

®3)

The other equations can be discretized similarly.
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FDFD hybridization
In our model, we would have a dielectric region within the computational gridvtbatd interact with the incoming
and outgoing elds. So, in coupling the electric eB(r) from the FDFD solutions with the VSWFs for the TE
incident modes we obtain 2
2
M o)+ P MR (1) + i NER (1) = E(1); (@)
n=1
wherenmCis the incident mode. Similarly for the TM modes,

b3
2
NN+ pam NER (1) + am MR (1) = E(r): (5)
n=1
Due to the rotational symmetry, there is no coupling to other azimuthal modes iflyeome value oim®appears).
Therefore, all elds share an azimuthal dependencexgfim ).
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FIG 3: Coef cient matrix, unknowns and constants.

The eld are zero at the-axis except for the modes = 1, in which case the rst derivatives of the elds are zero.
The equations are assembled as per gure 3, and cycling through alemtaidodes, the solutions for the scattering
coef cientsp,m andgyy, are solved given one incident mode at a time and their values are insertédaritenatrix
column.

Results

The smaller the FDFD grid size, the smaller the error in the calculation. Hon&wedler grid sizes would mean
larger memory requirements and longer computational time. Thus, a comproméspiiied whereby we allowed
an error of up to 1% in force and torque calculations. The correspgrtid size required was=20 of the incident
beam wavelength. Figure 4a indirectly shows the relationship betweeanagiagrid size. The value of the torque
converges to the true value as the grid size gets smaller. The error in tengaénly due to a spurious loss of power,
due to erroneously high off-diagonal elements in the T-matrix. This becomes evident with larger grid sizes; the
error is approximately quartic with respect to the grid spacing.
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FIG 4: a) As the grid size gets smaller, the calculated torque convergestta¢hterque value. b) Natural
logarithmic plot used to extrapolate calculation time for a particle with a radi@s of.
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The time required to calculate the T-matrix for a particle increases rapidly witizés $here will be a maximum
size for which we can practically calculate the T-matrix. From a log—log pldizé versus time ( gure 4b) we
extrapolated that 3.1 days would be required to calculate the T-matrix fiiclpaf 3 m radius on a process-shared
3 GHz Pentium PC with 1.0 Gb of RAM. Fortunately, this is acceptable becaeseeed to calculate the T-matrix
only once for a given patrticle; it is reusable for all incident elds for theended wavelength.

Given the scattering coef cientf,m andg.m, obtained either from solving the linear equations as in gure 3 or
extracted from a previously calculated T-matrix, the torque ef ciencylimnalculated [Niemineat al. 2004] in less
than a second. The torque was calculated for vaterite particles with ragingafrom 400 nm to 2240 nm. Preliminary
results were obtained using a 80 nm grid size and were plotted againsptrneantally measured results ( gure 5).
Ideally, we would perform the same calculations with a grid size of 40 nm olesnzand will do so on a dedicated
dual-core 64-bit processor with a minimum of 4 Gb RAM. An interesting featdithe plot ( gure 5) is the periodic
undulation which is due to interference of re ections from the front aadkdsurfaces of the vaterite sphere.
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FIG 5: The calculated torques for particles of given radii in comparisitim @xperimentally measured torques

Conclusion

A hybrid FDFD/T-matrix method for computational modeling of light and electrametig scattering for rotationally
symmetric anisotropic inhomogeneous particles proved to be feasible for thedingpof the optical torque applied to
vaterite microspheres in optical traps. The rotational symmetry allowed a 2iithlg to be used, reducing memory
requirements and calculation time by orders of magnitude. Computational nesuéisonsistent with experimental
measurements. This method may also be useful for computational modelingeofantistropic particles, such as
rutile spheres or spheroids, or other similar particles.

References

P. C. Waterman, (1965). Matrix formulation of electromagnetic scattgfirageedings of the IEEES3, pp. 805-812.

T. A. Nieminen, N. R. Heckenberg, and H. Rubinsztein-Dunlop, (20C3lculation of the T-matrix: general considerations and application of
the point-matching methodpurnal of Quantitative Spectroscopy and Radiative Trang®i8Q pp. 1019-1029.

K. S. Yee, (1966). Numerical solution of initial boundary value proldémolving maxwell's equations in isotropic medi&EE Transactions

on Antennas and Propagatidd, pp. 302—-307.

A. |. Bishop, T. A. Nieminen, N. R. Heckenberg, and H. Rubinszteimidp, (2004). Optical microrheology using rotating laser-trapped
particles,Physical Review Lettei@2, p. 198104.

J. Johnston, H. E. Merwin, and E. D. Williamson, (1916). The seYerals of calcium carbonaté&merican Journal of Scienek(4), pp. 473—
512.

S. R. Kamhi, (1963). On the structure of vaterite, Ca@Xta Crystallographica 6(8), pp. 770-772.

P. Moon and D. E. Spencer, (197Eeld Theory HandbogkSpringer-Verlag, Berlin, 2nd ed.

J. D. Jackson, (1999lassical Electrodynami¢c®Viley, New York, 3rd ed.

T. A. Nieminen, N. R. Heckenberg, and H. Rubinsztein-Dunlop, (20@bmputational modelling of optical tweezers,@ptical Trapping
and Optical MicromanipulationG. C. S. Kishan Dholakia, ed?roc. SPIE5514 pp. 514-523.

Paper No. WC0399 4



