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Abstract 
Bright solitary waves, the three-dimensional analogs of the classic one-dimensional bright soliton, have recently been 
generated experimentally in dilute atomic Bose-Einstein condensates.  The presence of multiple dimensions causes 
significant deviations from the behaviour of the classic bright soliton, such as a collapse instability.  Here we investigate 
the collisions of bright solitary waves and compare to the case of the bright soliton.   Collisions of bright solitary waves 
can be highly inelastic, in contrast to the one-dimensional bright soliton. In particular, we illustrate the role of the relative 
phase difference and incoming speed on the collisions. 
 
Introduction and Theory 
Bright solitons are one-dimensional (1D) non-dispersive wavepackets that are supported in systems with attractive/self-
focussing nonlinearity. Dilute Bose-Einstein condensates (BECs) can  exhibit such nonlinearity. The ‘macroscopic 
wavefunction’ of the BEC y (r ,t) satisfies a nonlinear Schrodinger equation known as the Gross-Pitaevskii equation 
(GPE), 
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where m is the atomic mass [Pethick 2002].  The external potential V(r) is harmonic and assumed to have the 
cylindrically-symmetric form V(r )=m(wz

2z2+wr
2r2)/2, where wz and wr are the axial and radial trap frequencies, 

respectively.  The nonlinearity, characterised by g=4p� 2aS/m, arises from s-wave atomic interactions, where aS is the s-
wave scattering length. For g<0 and V(r)=0 the GPE in one dimension (the z-direction) supports bright soliton solutions, 
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where n is the peak density and x=� /(mn|g|)1/2 characterises the width of the soliton.  A bright soliton is self-trapped by 
the nonlinear interactions, can maintain its shape during propagation, and emerges from a collision with another soliton 
with unchanged form and direction of propagation.  
 
In three-dimensions (3D) the analog to the 1D bright soliton is the bright solitary wave. These states are self-trapped 
axially but require radial confinement wr. Recently bright solitary waves have been generated in atomic BECs [Khakovich 
2002;Strecker 2002;Cornish 2006].  The extrapolation of bright solitons to 3D is not trivial and leads to behaviour not 
present for the 1D soliton. In 3D a trapped BEC with attractive interactions is unstable to a catastrophic collapse when the 
peak density/number of atoms exceeds a critical value [Roberts 2001]. Similarly, a 3D bright solitary wave experiences a 
critical number for collapse given by,   
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where k~0.6 is a dimensionless coefficient [Salasnich 2002;Carr 2004;Parker 2006].  
 
The collapse instability can have an important effect on the collision of bright solitary waves.  Two solitary waves which 
are stable in isolation may, upon collision, form an intermediate state of high density which is unstable to collapse 
[Salasnich 2002;Carr 2004;Khakovich 2006;Parker 2006].  Many factors affect the stability of a solitary wave collision.  
The atom number N, strength of atomic interactions aS, and radial trap frequency wr affect the tendency of the wave to 
collapse and so clearly play a key role.  More intriguing is the fact that relative phase Df  and speed v of colliding solitary 
waves have a major effect on the collisional stability. A Df =p collision has been shown to be significantly more stable 
than a Df =0 collision [Salasnich 2002;Carr 2004;Carr 2004;Parker 2006].  Indeed, a p-phase difference between adjacent 
solitary waves is crucial in explaining experimental observations [Strecker 2002;Al Khawaja 2002;Cornish 2006;Parker 
2006]. Collisions are also predicted to be stabilised for higher incoming speed [Khaykovich 2006;Parker 2006], indicating 
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that the interaction timescale must be greater than a characteristic collapse time for instability to develop [Parker 2006].  
In this paper we compare the collisions between 3D bright solitary waves and 1D bright solitons.  We examine a range of 
phase differences between the ‘solitons’, not just limited to Df =0 and Df =p.  For simplicity we consider the case of zero 
axial trapping, wz=0.  
 
Collisions of bright solitons in 1D 
Firstly we consider the collisions of two 1D bright solitons.  Our initial state consists of two soliton solutions, well 
separated and positioned symmetrically about the origin.  Each soliton is given a velocity kick v towards each other by 
imprinting a linear phase distribution onto the wavefunction via y (z)=|y (z)|exp[imv|z|/� ]. Furthermore, a phase difference 
Df  is created between the solitons by imposing the condition y (z)=y (z)exp[iDf  Q(z)] where Q(z) is the Heaviside step 
function with the property Q(z<0)=0 and Q(z>0)=1.  The system is then propagated in time using the 1D GPE. 
 
Figure 1 illustrates the collision dynamics.  First consider the case of low incoming speed (v=0.25c, where c=(ng/m)1/2 is 
the Bogoluibov speed of sound) as shown in Figure 1(a)-(c).  For Df =0 (Figure 1(a)), the mutual interaction force 
between the solitons is attractive [Gordon 1986], causing the solitons to accelerate towards each other. They overlap and 
form a collisional state of high density, before propagating away.  For Df =p (Figure 1(c)) the asymmetric nature of the 
wavefunction prevents overlap of the solitons.  The mutual interaction force is now repulsive [Gordon 1986], such that 
they appear to ‘bounce’. The collisions for Df =0 and Df =p are always symmetric about the origin. For Df =p/2 (Figure 
1(b)) there is partial overlap of the wavefunction at the origin, and a clear asymmetry in the collisional state. In general, 
an asymmetry occurs whenever the phase difference satisfies Df ¹ lp, where l is an integer, with the maximum asymmetry 
occurring for Df =(l+1/2)p.  For 0<Df <p the density becomes enhanced on the right side of the interaction region (e.g. 
Figure 1(b)), while for p<Df <2p this effect becomes reflected in the origin. 
 
The case of higher incoming speed v=2c is shown in Figure 1(d)-(f), with the dynamics being qualitatively similar to 
those for low speed. The main difference is that the collisional state contains more fringes.  Indeed we observe that as the 
incoming speed is increased, the number of fringes increases [Salasnich 2002]. For Df =0 (Figure 1(d)) the number of 
fringes is always odd with an anti-node at the origin, while for Df =p (Figure 1(f)) the number of fringes is always even 
with a node at the origin. For Df =p/2 (Figure 1(e)) the fringe distribution is asymmetric. 
 
Although the phase difference between the solitons strongly affects the form of the intermediate collisional state the 
dynamics after the collision become indistinguishable. The solitons propagate away from each other with their initial 
populations and speeds.  This is a key property of the 1D bright soliton. 
 
Figure 1.  Space-time density plots showing the collisions of 1D bright solitons at (a)-(c) low speed v=0.25c, and (d)-
(f) high speed v=2c for phase differences of (a,d) DDDDffff =0, (b,e) DDDDffff =pppp/2, and (c,f) DDDDffff =pppp.  Dark/light indicate regions of 
high/low density. 
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Collisions of bright solitary waves in 3D 
We now consider the behaviour of collisions between 3D bright solitary waves.  We model the parameters used in the 
bright solitary wave experiment of Cornish et al. [Cornish 2006], with relatively weak radial trapping wr=17.5́ 2p Hz and 
scattering length aS=0.6nm.  Using these experimental parameters, c»0.5 mm s-1 and x»2mm. We still keep the system 
axially homogeneous, with wz=0. There is no exact analytic solution for a bright solitary wave and so the solutions are 
generated numerically by solving the 3D GPE in imaginary time.  This method converges to the lowest energy state of the 
system, provided it is stable.  For these parameters, we can generate stable bright solitary wave solutions that remain self-
trapped, despite the lack of external axial trapping.  However, we find that these stable solutions only exist if the atom 
number lies below the critical number NC =2450 [Parker 2006]. Above this amount, the state undergoes collapse.  In our 
time-dependent simulations we will employ N=1500 for each solitary wave, which has been shown to give good 
agreement with experimental data [Parker 2006]. 
 
Similar to the 1D case, we initiate our simulations with two well-separated solitary wave solutions, give both a velocity 
kick v towards each other, imprint a phase difference Df  between the solitary waves, and then propagate in time using the 
3D GPE.  The ensuing dynamics are shown in Figure 2.  The speeds and phase differences shown are equivalent to those 
presented in Figure 1 for the 1D bright soliton collisions.   
 
The case of low incoming speed (v=0.25c) is shown in Figure 2 (a)-(c). For Df =0 (Figure 2(a)), the solitary waves overlap 
at the origin, generating a high density intermediate state, as in the 1D case.  However this exceeds the critical density for 
collapse, and a catastrophic collapse instability occurs in which the individual waves become destroyed.   Although the 
GPE indicates when collapse occurs, it is not expected to give a good description of the subsequent dynamics, and so we 
do not comment on the dynamics once collapse has occurred.  For Df =p (Figure 2(c)) the solitary wave collision remains 
elastic throughout, with similar form to the 1D analog (Figure 1(c)).  This is because the p-phase difference prevents 
overlap of the waves and so the critical density for collapse is not reached.   
 
Figure 2.  Space-time plots of the axial density (integrated along the radial direction) showing the effect of relative 
phase DDDDffff  on 3D bright solitary wave collisions for (a)-(c) low speed v=0.25c and (d)-(f) high speed v=2c for phase 
differences of (a,d) DDDDffff =0, (b,e) DDDDffff =pppp/2, and (c,f) DDDDffff =pppp.   

 
 
For Df =p/2 (Figure 2(b)), the collisional state is asymmetric, like the 1D case (Figure 1(b)).  However, during the 
collision population is irreversibly transferred between the waves and to conserve momentum the outgoing speeds 
become asymmetric. In Figure 2(b), the outgoing wave on the left-side has higher population and lower speed, with these 
changes being around 10% of their initial values.  For very low incoming speeds and small phase differences, we have 
observed up to 70% of the population from one wave being transferred into the other. Asymmetric soliton collisions and 
population transfer have also been simulated using the 1D GPE with an additional quintic term to model 3D effects 
[Khaykovich 2006].   
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The case for high incoming speed (v=2c) is shown in Figure 2 for phase differences (d) Df =0, (e) Df =p/2, and (f) Df =p.  
The dynamics are very similar for all three phase differences.  As in the 1D case, we see an increased number of fringes at  
this higher speed, and a similar distribution of the fringes for the different phase differences.  We do not see any collapse 
instabilities that occurred for the lower speed collisions.  Indeed, following the collision, the outgoing states are 
effectively indistinguishable and independent of the phase difference.  However, in all three cases we see that the  
collisions are not perfectly elastic, with the outgoing solitary waves featuring some shape oscillations.  These oscillations 
are excited during the collision, and we believe that they are caused by the dense array of fringes in the interaction region 
for high incoming speed.  
 
Conclusions 
We have simulated the collisions between bright solitons in 1D and bright solitary waves in 3D.  In a 1D homogeneous 
(wz=0) system, a collision between two bright solitons is completely elastic, i.e. two identical incoming solitons produce 
two identical outgoing solitons with equal incoming and outgoing speeds.  Increasing the collisional speed increases the 
number of fringes formed during the interaction.  The relative phase between the solitons substantially changes the form 
of the collisional state: for Df =0, the fringes are symmetric about the origin and odd in number; for Df =p the fringes are 
symmetric and even in number; and for any other phase difference, the fringes are asymmetric.  Despite this, the final 
outgoing states are not dependent on  Df . 
 
For 3D bright solitary waves the collisions dynamics can be significantly different to the 1D case.  For low speed 
collisions, the relative phase plays a key role.  For Df =0 (Df =p) the density formed during the collision is maximum 
(minimum) and most (least) prone to the collapse instability. This leads to the interesting result that a Df =0 collision can 
be completely unstable to collapse, while the corresponding Df =p collision can be elastic.  Furthermore, for intermediate 
phase difference (0<Df<p, p<Df<2p) the asymmetric collision can lead to an irreversible population transfer between the 
waves and asymmetric outgoing speeds. For higher speed, the collisions become more stable to the collapse instability, 
and the effect of relative phase becomes decreasingly significant.  However, high speed collisions excite shape 
oscillations in the outgoing solitary waves. These dynamics illustrate the rich and complex behaviour of 3D bright solitary 
waves of attractive BECs, which can extend well beyond the classic 1D bright soliton. 
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